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O. Abstract
T h e  w e l l  k n o w n  p r o b l e m s  o f  s e t  c o v e r i n g ,  s e t  p a r t i t i o n i n g  
a n d  s e t  p a c k i n g  a r e  d e f i n e d  a n d  t h e i r  i n t e r r e l a t i o n s h i p  i s  
c o n s i d e r e d .   A  n a t u r a l  g e n e r a l i s a t i o n  c a l l e d  t h e  e x t e n d e d  
s e t  p a r t i t i o n i n g  m o d e l  i s  p r e s e n t e d  a n d  t h e  t h r e e  s t a n d a r d  
m o d e l s  a r e  s h o w n  t o  b e  s p e c i a l  c a s e s  o f  t h i s  
g e n e r a l i s a t i o n .  I n  a d d i t i o n ,  t h e  e x t e n d e d  m o d e l  i n c l u d e s  
a n o t h e r  t y p e  o f  s e t  p r o b l e m  w h i c h  c a n  b e  o f  g r e a t e r  u s e  i n  
c e r t a i n  a p p l i c a t i o n s .  T h e  m o d e l  f o r m s  t h e  b a s i s  o f  a  
c o m p u t e r  a s s i s t e d  b u s  c r e w  s c h e d u l i n g  s y s t e m  d e v e l o p e d  b y  
t h e  a u t h o r s .  T h e  s y s t e m  i s  i n  r e g u l a r  u s e  b y  D u b l i n  C i t y  
S e r v i c e s  i n  t h e  R e p u b l i c  o f  I r e l a n d .   F i n a l l y ,  t h e  
e q u i v a l e n c e  b e t w e e n  a  s p e c i a l  c a s e  o f  t h e  s e t  p a r t i t i o n i n g  
p r o b l e m  a n d  t h e  s h o r t e s t  r o u t e  p r o b l e m  i s  c o n s i d e r e d  a n d  i t 
i s  s h o w n  t h a t  t h i s  e q u i v a l e n c e  a l s o  a p p l i e s  t o  t h e  e x t e n d e d  
m o d e l .  
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 1 . Introduction 
The  wel l -known problems of  se t  cover ing ,  se t  par t i t ion ing  and  
se t  packing  have  a t t rac ted  wide  a t ten t ion  for  many years .  
Appl ica t ions  inc lude  a i r l ine  c rew schedul ing  [ l ,11 ,15] ,  bus  c rew  
schedul ing  [11 ,12]  p lan t  loca t ion  [5 ,18] ,  c i rcu i t  swi tch ing  [13] ,   
i n fo rmat ion  re t r i eva l  [7 ] ,  a s sembly  l ine  ba lanc ing  [16] , 
po l i t i ca l  d i s t r i c t ing  [10]  and  t ruck  de l ive ry  [3 ] .   The  use  o f  
these  models  in  prac t ice  has  no t  been  an  unqual i f ied  success .   In  
many appl ica t ions  the  models  become too  la rge  to  so lve  exac t ly  
[ 1 1 ] .  I n  s u c h  c a s e s  h e u r i s t i c s  a r e  o f t e n  u s e d  e i t h e r  t o  o b t a i n  
an  approximate  so lu t ion  [1]  or  to  reduce  the  model  to  a  more  
manageab le  s i ze .   A  d i f f i cu l ty  wi th  the  l a t t e r  approach  i s  tha t  
the  reduct ion may destroy the appropria teness  of  the  model  to  the  
appl ica t ion .  In  th i s  paper  an  ex tended  model  i s  p roposed  in  
which the three standard problems are special  cases and which can 
be  of  grea te r  appl icab i l i ty .   The  model ,  ca l led  the  ex tended  se t  
par t i t ion ing  model ,  forms  the  bas i s  o f  a  computer  ass i s ted  bus  
c rew schedul ing  sys tem tha t  the  au thors  have  deve loped  and  
implemented  a t  Dubl in  Ci ty  Serv ices  in  the  Republ ic  of  I re land .  
In  the  next  sec t ion  the  se t  cover ing ,  se t  par t i t ion ing  and  se t  
packing  problems are  def ined  and  the i r  in te r re la t ionsh ips  
examined.   The extended set  par t i t ioning model  and i ts  proper t ies  
a re  presented  in  sec t ion  3 .   In  sec t ion  4  an  appl ica t ion  of  the  
models  to  the  problem of  bus  c rew schedul ing  i s  d i scussed .   The  
ex tended  se t  par t i t ion ing  model  i s  shown to  be  more  usefu l  than  
the  s t andard  se t  pa r t i t ion ing  mode l .   In  sec t ion  5  the  
equiva lence  be tween  a  spec ia l  case  of  the  se t  par t i t ion ing  
problem and  a  formula t ion  as  a  shor tes t  rou te  problem i s  s ta ted .  
I t  i s  shown tha t  the  cor responding  spec ia l  cases  of  the  o ther  
models ,  in  par t icu la r  the  ex tended  se t  par t i t ion ing  problem,  can  
a l so  be  formula ted  as  shor tes t  rou te  problems.   In  the  f ina l  
sec t ion  i t  i s  no ted  tha t  the  ex tended  se t  par t i t ion ing  model  may 
be  cons idered  as  a  goa l  p rogramming [6]  formula t ion  of  the  se t  
par t i t ion ing  problem.  
2. Background 
In  th i s  sec t ion  the  se t  cover ing ,  par t i t ion ing  and  packing  
problems are  def ined in  0-1 integer  programming terms.  The three 
p r o b l e ms  r e f e r  t o  d i f f e r e n t  c r i t e r i a  f o r  s e l e c t i n g  a  s u b c l a s s  
f rom a  c lass  of  se t s .  
L e t  N  d e n o t e  t h e  s e t  o f  m  i n t e g e r s  l , 2 , . . . m  a n d  l e t  Q  
d e n o t e  a  c l a s s  o f   n   subsets of  N  .   Thus, 
N = {1 ,2,.  . .m}, 
and Q =  where }nQ,...2Q,1Q{ .n,...2,1j,NQ j =⊆  
Let 
   
⎪⎭
⎪⎬
⎫
∉=
∈=
j
j
Qiif1
Qiif1ija
.n,...2,1j
,m,...2,1i
=
=
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T h e  s e t  c o v e r i n g  p r o b l e m ma y  b e  d e f i n e d  a s  
 Minimise ∑   
=
n
1j
jxjc
 subject to  
{ } ,n,...2,1j1,0jx
,m..
n
1j
,.2,1i1jxija
=∈
=
=≥∑
w h e r e  c j  r e p r e s e n t s  t h e  c o s t  o f  s e l e c t i n g  t h e  s u b s e t  Q j  ( j  =  
l , 2 , . . . n ) .  T h e  p r o b l e m  r e p r e s e n t s  t h e  m i n i m u m  c o s t  s e l e c t i o n  
s u c h  t h a t  e a c h  m e m b e r  o f  t h e  s e t  N  i s  i n c l u d e d  a t  l e a s t  o n c e .  
 
The set  par t i t ioning problem may be defined as  
 Minimise ∑  
=
n
1j
jxjc
 subject to  
,n,...2,1j}1,0{jx
,m,...2,1i1
n
1j
jxija
=∈
==
=
∑
a n d  r e p r e s e n t s  t h e  m i n i m u m  c o s t  s e l e c t i o n  s u c h  t h a t  e a c h  m e m b e r  
o f  N  i s  i n c l u d e d  e x a c t l y  o n c e .  
 
T h e  s e t  p a c k i n g  p r o b l e m  m a y  b e  d e f i n e d  a s  
 Maximise ∑  
=
n
1j
jxjp
 subject to  
{ } ,n,...2,1j1,0jx
,m,...2,1i
n
1j
1jxija
=∈
=
=
≤∑
w h e r e  p j  r e p r e s e n t s  t h e  p r o f i t  a s s o c i a t e d  w i t h  s e l e c t i n g  t h e   
s u b s e t  Q j  ,  ( j  =  l , 2 , . . . n ) .  T h i s  p r o b l e m  r e p r e s e n t s  t h e  m a x i m u m  
p r o f i t  s e l e c t i o n  s u c h  t h a t  n o  m e m b e r  o f  N  i s  i n c l u d e d  m o r e  t h a n  
o n c e .  
 
T h e  t e r m s  c o v e r ,  p a r t i t i o n  a n d  p a c k i n g  r e f e r  t o  a n y  i n t e g e r  
f e a s i b l e  s o l u t i o n  t o  t h e  c o r r e s p o n d i n g  p r o b l e m s .  B y  i n s p e c t i o n  
o f  t h e  t h r e e  s e t s  o f  c o n s t r a i n t s  i t  c a n  b e  s e e n  t h a t  a  p a r t i t i o n  
i s  a l s o  a  c o v e r  a n d  a  p a c k i n g  a l t h o u g h  t h e  c o n v e r s e  i s  n o t  
n e c e s s a r i l y  t r u e .   I n d e e d ,  a s  p o i n t e d  o u t  b y  s e v e r a l  a u t h o r s  
i n c l u d i n g  B a l a s  a n d  P a d b e r g  [ 2 ]  i n  t h e i r  c o m p r e h e n s i v e  s u r v e y  o f  
s e t  p a r t i t i o n i n g ,  a  s e t  p a r t i t i o n i n g  p r o b l e m  m a y  b e  t r a n s f o r m e d    
t o  a  s e t  c o v e r i n g  p r o b l e m  a s  f o l l o w s . 
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T h e  s e t  p a r t i t i o n i n g  p r o b l e m  m a y  b e  r e w r i t t e n  a s  
 Minimise  ∑∑
=
+
=
m
1i
θ
n
1j
jxjc iy
  subject to ∑  
=
==−
n
1j
,m,...2,1i1iyjxa ij
            { }
1,2,...m,i0y
1,2,...n,j,0,1x
j
j =≥ =∈  
where  θ  i s  a  su f f i c ien t ly  l a rge  pos i t ive  number .  
 
B y  s u b s t i t u t i n g  i n  t h e  o b j e c t i v e  func t ion  ∑
=
−=
n
1j
1jxijaiy
the  fo l lowing  fo rmula t ion    i s  ob ta ined .  
 Minimise )
n  
1j
jx
'
jcm( ∑
=
+θ−
   subject to  ,m,...2,1i1
n
1j
jxija =≥
=
∑
    { }1,0x j ∈  
where ∑
=
θ+=
m
1i
,ijajc
'
jc
 
which is  a set  covering problem (since the constant term —mθ  may 
be dropped) with the same set  of optimal solutions as the set  
parti t ioning problem. By a similar argument the set  parti t ioning 
problem may also be formulated as a set  packing problem. These 
equivalences,  however,  only apply when the set  parti t ioning 
problem has a feasible solution.  Unfortunately,  when set  
parti t ioning is  applied in practice i t  is  often the case that  no 
feasible solution exists for the formulated model.  There are two 
principal reasons for this.  One is  that  the formulation may 
represent  an  ' idea l '  which  i s  in  fac t  una t ta inable .  The  o ther  
reason  i s  tha t ,  in  order  to  a r r ive  a t  a  model  which  i s  manageable  
in terms of both size and computational workload, the number of 
variables (subsets Qj available for selection) may have to be 
reduced by some heurist ic which excludes from the model those 
subsets which seem highly unlikely to be included in the optimal 
so lu t ion .  The  fu l l  ( imprac t ica l  to  so lve)  model  may have  a  
feasible solution whereas the reduced (practical  to solve) model 
may not.  
 
O u r  e x p e r i e n c e  w i t h  s e t  p a r t i t i o n i n g  p r o b l e ms  w i t h  n o  f e a s i b l e  
so lu t ions  l ed  us  to  deve lop  a  more  genera l  mode l  which  y ie lds  a  
s o l u t i o n  a s  n e a r  a s  p o s s i b l e  t o  t h e  d e s i r e d  s e t  p a r t i t i o n .   T h i s  
mode l  ca l l ed  the  ex tended  se t  pa r t i t ion ing  p rob lem i s  exp la ined  
i n  t h e  n e x t  s e c t i o n .  
 
3. The Extended Set Partit ioning Problem
 
A  s e t  p a r t i t i o n i n g  p r o b l e m w i t h  n o  f e a s i b l e  s o l u t i o n  i s  o n e  i n  
w h i c h  a n  ‘ e x a c t  c o v e r ’  d o e s  n o t  e x i s t .  T h e  s e t  p a c k i n g  p r o b l e m 
i s  a  r e l a x a t i o n  i n  w h i c h  ‘ u n d e r c o v e r ’  i s  p e r mi t t e d  w h e r e a s  t h e  
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se t  cover ing  p rob lem i s  a  r e laxa t ion  in  which  ' overcover '  i s  
pe rmi t t ed .  Whenever  an  exac t  cover  does  no t  ex i s t  one  migh t  be  
t empted  to  so lve  e i the r  the  se t  pack ing  p rob lem or  the  se t  
cover ing  p rob lem whichever  i s  more  appropr ia te  to  the  g iven  
app l ica t ion .  For  example ,  in  c rew schedu l ing  app l ica t ions ,  i t  i s  
des i red  to  cover  each  t r ip  o f  a  g iven  t ime tab le  wi th  exac t ly  one  
c rew.  Th is  approach  can  l ead  to  a  fo rmula t ion  which  i s  a  se t  
par t i t ioning problem [11,12] .  However ,  such a  formulat ion often 
resul ts  in  a  problem with no feasible  solut ion caused by the many 
regulat ions and desirable  features  governing the val idi ty  of  crew 
du t ies .   Consequen t ly  a  fo rmula t ion  based  on  se t  cover ing  has  
been  sugges ted  [12 ,15]  in  which  the  in te rp re ta t ion  i s  tha t  each  
t r ip  mus t  be  covered  a t  l eas t  once .   The  resu l t an t  so lu t ion  can  
then be amended manually to remove the over cover and produce a 
c rew schedu le  tha t  can  be  implemented .  The  mot iva t ion  beh ind  
th i s  approach  i s  to  f ind  the  mos t  use fu l  so lu t ion  tha t  ex i s t s  
g iven  tha t  an  exac t  cover  may  no t  ex i s t .  Th i s  purpose  i s  be t t e r  
se rved  by  cons ide r ing  a  more  genera l  mode l .  The  ex tended  se t  
pa r t i t ion ing  fo rmula t ion ,  de f ined  be low,  has  se t  pack ing ,  se t  
pa r t i t ion ing  and  se t  cover ing  as  spec ia l  cases  and  a l so  
encompasses  a  four th  mode l  to  be  cons ide red  in  which  bo th   
undercover  and overcover  are  permit ted.  The model  is  defined as  
fo l lows .  
∑=∑= ++∑=
m
1i i
ooiw
m
1i
iuuiwjx
n
1j j
cMinimise
 
   
 subject to  ,,...2,1
1
1 mi
n
j i
oiujxija =∑= =−+
                j=1,2,…...n, }1,0{jx ∈
              i=1,2,…...m, 
⎭⎬
⎫
≥
∈
egerintand0io
}1,0{iu
where   i s  the  pena l ty  assoc ia ted  wi th  not  cover ing  the  )o(uiw ≥
i th  member , (undercover ) ,  and   i s  the  pena l ty  assoc ia ted  )o(oiw ≥
with  each  overcover  of  the  i th  member .  
The  t r iv ia l  case  of   for  any  1  ≤  i  ≤  m i s  no t  0oiwuiw ==
cons idered  s ince  i t  i s  equiva len t  to  the  f ree ing  of  cons t ra in ts .  
Thus  i t  i s  assumed tha t  a t  l eas t  one  of  the  pa i r  s  )oiw,
u
iw(  i
s t r ic t ly  pos i t ive  for  each  i  =  l ,2 , . . .m.  
The  in te rp re ta t ions  assoc ia ted  wi th   and   a re  as  fo l lows .  iu io
iu  =  1  i f  t h e  i t h  m e m b e r  i s  n o t  c o v e r e d ,      
=  0  o the rwise ;  
io  =  the  number  o f  t imes  tha t  the  i th  member  i s  
 overcovered .  
3 .1    In te rp re ta t ions  o f  the  Mode l
Se t  Cover ing    I f  , ( i  =  l ,2 , . . .m) ,  i s  se t  to  a  su f f i c ien t ly  l a rge  uiw
positive number (greater than   , say) and , (i = 1,2, ...m) , is ∑
=
n
1j
jc
o
iw
set  to  zero,  then the extended model  and the set  covering model  
have  the  same  op t imal  so lu t ion(s ) .  
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S e t  P a c k i n g    I f  ,  i  =  l , 2 , . . . m ,  i s  s e t  t o  a  s u f f i c i e n t l y  o
iw
l a r g e  p o s i t i v e  n u m b e r  a n d  ,  i  =  l , 2 , . . . m ,  i s  s e t  t o  z e r o  t h e n  uiw
t h e  e x t e n d e d  m o d e l  ( w i t h  jpjc −= ,   j  =  l , 2 , . . . n )  a n d  t h e  s e t  
p a c k i n g  m o d e l  h a v e  t h e  s a m e  o p t i m a l  s o l u t i o n ( s ) .  
S e t  P a r t i t i o n i n g    I f  b o t h   a n d  ,  i  =  l , 2 , . . . m ,  a r e  s e t  t o  a  oiw uiw
suff ic ien t ly  la rge  pos i t ive  number  then  the  ex tended  model  and  
the  se t  pa r t i t ion ing  mode l  have  the  same  op t imal  so lu t ion(s ) ,   
a s s u m i n g  t h a t  t h e  l a t t e r  i s  f e a s i b l e .  T h e  e x t e n d e d  m o d e l  i s  
guaran teed  to  be  feas ib le  and ,  in  cases  when  the  se t  pa r t i t ion ing  
m o d e l  h a s  n o  f e a s i b l e  s o l u t i o n ,  w i l l  y e i l d  a n  o p t i m a l  s o l u t i o n  
i n v o l v i n g  u n d e r c o v e r  a n d / o r  o v e r c o v e r .  T h e  s o l u t i o n  i s  o n e  i n  
which  the  sum of  undercover  and  overcover  i s  min imised  and ,  in  
t h i s  s e n s e ,  i s  t h e  n e a r e s t  p o s s i b l e  t o  a  p a r t i t i o n .  
G e n e r a l  I n t e r p r e t a t i o n  T h e  n a t u r e  o f  t h e  s o l u t i o n  t o  t h e  
e x t e n d e d  mo d e l  d e p e n d s  o n  t h e  s i z e  o f  t h e  p e n a l t i e s  a p p l i e d  t o  
undercover  and overcover .  The model  was or iginal ly  developed to  
b e  u s e d  i n  s i t u a t i o n s  i n  w h i c h  a  p a r t i t i o n  i s  d e s i r e d .  H o w e v e r ,  
d e v i a t i o n s  f r o m a n  e x a c t  c o v e r  ( p a r t i t i o n )  a r e  p e r mi t t e d ,  b u t  a t  
a  c o s t  d e f i n e d  b y  t h e  i n d i v i d u a l  p e n a l t i e s  a p p l i e d  t o  e a c h  
m e m b e r .  E v e n  i n  c a s e s  w h e r e  a  p a r t i t i o n  e x i s t s  t h e  s o l u t i o n  t o  
t h e  e x t e n d e d  m o d e l  m a y  n o t  b e  a  p a r t i t i o n .  T h e  l e a s t  c o s t  
p a r t i t i o n  m a y  b e  m o r e  e x p e n s i v e  t h a n  a  s o l u t i o n  i n v o l v i n g  
undercover  and/or  overcover .  Thus the extended model  provides  a  
f l ex ib i l i ty  to  enab le  a  wider  c lass  o f  so lu t ions  to  be  cons ide red  
w h i c h ,  i n  c e r t a i n  c a s e s ,  l e a d s  t o  a  b e t t e r  s o l u t i o n .  
 
4 .      A p p l i c a t i o n s  T o  C r e w  S c h e d u l i n g
 
Crew schedul ing by computer  has  received considerable  a t tent ion 
during the past  20 years  or  so.   Annual  symposia  organised by the 
A i r l i n e  G r o u p  o f  t h e  I n t e r n a t i o n a l  F e d e r a t i o n  o f  O p e r a t i o n s  
Research Societies (AGIFORS) have been held since 1961. Airl ine 
c r e w  s c h e d u l i n g  a n d  a l l i e d  p r o b l e m s  p l a y  a  p r o m i n e n t  r o l e  i n  
t h e s e  s y m p o s i a .   A t t e n t i o n  t o  c r e w  s c h e d u l i n g  i n  u r b a n  m a s s  
transit  systems has gained momentum with international workshops 
o n  v e h i c l e  a n d  c r e w  s c h e d u l i n g  h e l d  i n  C h i c a g o  ( 1 9 7 5 ) ,  L e e d s  
( 1 9 8 0 )  [ l 9 ]  a n d  M o n t r e a l  ( 1 9 8 3 )  [ 1 4 ]  .  
 
In  i t s  s imples t  form the  problem may be  s ta ted  as  fo l lows .  Given  
a  t i m e t a b l e  w i t h  m  t r i p s ,  f i n d  t h e  l e a s t  c o s t  s e t  o f  c r e w  
dut ies  such  tha t  each  t r ip  i s  covered  by  one  c rew.  One  approach  
i s  t o  g e n e r a t e  t h e  s e t  o f  a l l  p o s s i b l e  d u t i e s  t h a t  c o mpl y  w i t h  
the  ru les  govern ing  duty  va l id i ty  and  then  make  a  se lec t ion  f rom 
t h i s  s e t  o f  n  g e n e r a t e d  d u t i e s .  S u c h  a  f o r m u l a t i o n  l e a d s  t o  
the  se t  par t i t ion ing  problem def ined  in  sec t ion  2  in  which  c j  
d e n o t e s  t h e  c o s t  o f  s e l e c t i n g  t h e  j t h  g e n e r a t e d  d u t y  a n d  a i j = 1   
i f  the  j th  genera ted  duty  covers  the  i th  t r ip .   In  bus  c rew 
schedul ing  a  t r ip  i s  def ined  as  a  por t ion  of  a  bus  journey  
be tween  two consecut ive  re l ie f  po in ts  a t  which  c rews  can  jo in  or  
leave  the  bus .  The  ru les  govern ing  duty  va l id i ty  a re  many and  
vary  f rom opera tor  to  opera tor  bu t  genera l ly  involve  i ssues  such  
as the maximum number of buses that  a crew can work in a single 
duty  (usua l ly  be tween  1  and  3) ,  the  maximum work  t ime,  the  
lengths of breaks and t ime bands within which meal breaks must be 
taken .   In  addi t ion  many unwri t ten  ru les  apply .  An exper ienced  
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scheduler  can  rap id ly  judge  whether  a  g iven  c rew schedule  i s  
opera t iona l ly  acceptab le .   He  may dec ide ,  for  example ,  tha t  a  
ba lanced  schedule  i s  needed  in  which  the  minimum as  wel l  as  the  
maximum work  t ime for  a  du ty  i s  spec i f ied .  The  la rge  number  of  
r u l e s  i s  a  mi x e d  b l e s s i n g  fo r  t h e  s e t  p a r t i t i o n i n g  fo r mu l a t i o n .  
On one  hand  the  model  i s  res t r ic ted  to  a  more  manageable  s ize  
s ince  the  number  of  genera ted  dut ies  i s  reduced .   On the  o ther  
hand  no  feas ib le  so lu t ion  may ex is t .   A re laxa t ion  to  the  se t  
cover ing  model  overcomes  the  d i f f icu l ty  and  provides  a  so lu t ion  
in  which  the  overcover  can  be  removed in  a  way which  the  
scheduler  cons iders  mos t  appropr ia te .  Unfor tuna te ly  such  an  
approach  of ten  resu l t s  in  a  schedule  tha t  i s  more  expens ive  and  
requi res  more  c rews  than  i s  des i red .   For  example ,  a  minor  
a l te ra t ion  in  the  t imetab le  or  a  smal l  re laxa t ion  in  one  of  the  
ru les  may lead  to  a  schedule  cos t ing  s ign i f ican t ly  less .  I f  a  
schedule  i s  cons idered  to  be  unsa t i s fac tory  in  th i s  respec t  i t  i s  
fa r  f rom a  s imple  task  to  amend the  se t  cover ing  so lu t ion  to  
produce  an  acceptab le  schedule .  
Application of the extended model to crew scheduling can result  in 
a  so lu t ion  in  which  some t r ips  a re  covered  more  than  once  (as  in  
the  se t  cover ing  approach)  and  some t r ips  le f t  uncovered .   The  
undes i rab i l i ty  of  bo th  these  occur rences  i s  cont ro l led  by  the  
undercover  and  overcover  pena l t ies  appl ied  to  each  t r ip .  
Consequent ly  the  model  does  not  ins i s t  tha t  each  t r ip  i s  covered  
i f  the  cos t  o f  do ing  so  i s  excess ive ly  la rge .  In  such  cases ,  
however ,  the  schedule  i s  incomple te  and  hence  opera t iona l ly  
unacceptab le .   For tuna te ly ,  wi th  prac t ica l  c rew schedul ing  
problems,  the  incomple teness  i s  conf ined  to  only  a  very  few 
t r ips .  The  so lu t ion  f rom the  ex tended  model  can ,  wi th  usua l ly  
l i t t l e  t rouble ,  be  amended to  form a  c rew schedule  tha t  can  be  
imp lamented .  
The  ex tended  model  forms  the  bas i s  of  a  computer  ass i s ted  c rew 
schedul ing  sys tem developed  by  the  au thors .  The  sys tem is  in  
regular  opera t iona l  use  by  Dubl in  Ci ty  Serv ices  in  the  Republ ic  
of  I re land .   Ful l  de ta i l s  o f  the  deve lopment  and  implementa t ion  
of  bo th  the  model  and  the  sys tem are  conta ined  in  [12] .  The  
exper ience  of  the  schedulers  a t  Dubl in  Ci ty  Serv ices  i s  tha t  the  
sys tem usua l ly  produces  comple te  schedules .   In  those  cases  in  
which  an  incomple te  schedule  i s  p roduced  i t  i s  a  re la t ive ly  
s imple  task  to  make  the  necessary  amendments  to  render  i t  
acceptab le .  Thei r  op in ion  i s  tha t  the  sys tem 'breaks  the  back '  o f  
the  problem.  
5 .  Spec ia l  Cases  Reformula ted  As  Shor tes t  Route  Problems
In  th i s  sec t ion  the  spec ia l  case  of  appl ica t ions  in  which  each  
co lumn of  the  cons t ra in t  mat r ix  has  only  one  segment  of  ones  i s  
cons idered .  A column wi th  a  segment  of  ones  i s  def ined  as  a  
se t  o f  co lumn e lements   ija ,
ija =   0         i=1 ,2 ,…k-1  for  k  >  1 ,  
ija =   1         i=k ,…k + p  ,  
ija =  0           i  =k  +  p  +  1  ,…m for  k  +  p  <  m.  
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In  c rew schedul ing  te rms  th i s  represents  a  problem in  which  each  
crew must  do  a  s ing le  s t re tch  of  working  on  a  s ing le  bus .   Such  
dut ies  compr ise  a  consecut ive  se t  o f  t r ips  and  the  problem is  
known as  the  one-par t  du ty  c rew schedul ing  problem.  
I t  has  been  poin ted  out  by  Shepardson  and  Mars ten  [ l7]  and  
o thers ,  tha t ,  when formula ted  as  a  se t  par t i ion ing  problem,  the  
one-par t  du ty  problem is  equiva len t  to  a  shor tes t  rou te  problem.  
The  ne twork  conta ins  (m+1)  nodes  and  n  edges ,  one  for  each  
co lumn (genera ted  duty) .  I f  the  j th  genera ted  duty  covers  t r ips  
k , . . . k  +  p  t h e n  t h e  a s s o c i a t e d  e d g e  r u n s  f r o m  n o d e  k  t o  n o d e  
k+ p  +1  wi th  length   .  The  problem of  cover ing  each  t r ip  jc
exactly once at  minimum total  cost  is  thus the problem of finding 
the  shor tes t  rou te  be tween node  1  and  node  m + 1  .   I t  may be  
observed  tha t  the  ne twork  conta ins  no  cyc les  s ince  j  >  i  for  
every  edge  ( i , j ) .  
I t  i s  l ess  wide ly  known tha t  the  se t  cover ing  formula t ion  of  the  
one-par t  du ty  problem is  a l so  equiva len t  to  a  shor tes t  rou te  
problem.   In  th i s  case  the  ne twork  i s  augmented  by  m edges  of  
the  form ( i  +  1 ,  i ) ,  i  =  1 ,2 , . . .m,  of  zero  length .  
The extended model,  when applied to the one-part duty problem can 
a l so  be  formula ted  as  a  shor tes t  rou te  problem.   The  ne twork  of  
the  se t  par t i t ion ing  formula t ion  i s  augmented  by  the  addi t ion  of  
2m edges ;   m  edges  of  the  form ( i  +  1 ,  i )  o f  length   oiw ,
i= l ,2 , . . .m and   m edges  of  the  form ( i ,  i  +  1)  of  length  
u
iw , i= l ,2 , . . .m are  added .  
The  se t  packing  problem can  a l so  be  equiva lenced  to  the  shor tes t  
r o u t e  p r o b l e m  b y  l e t t i n g  ,jpjc −=  j  = , . . . n ,  a n d  a d d i n g  e d g e s  
to  the  se t  par t i t ion ing  ne twork  of  the  form ( i ,  i  +  1) , 
i=l ,2 , . . .m,  of  zero  length .  
This  shor tes t  rou te  formula t ion  of  se t  packing  appl ica t ions  i s  
l ike ly  to  resu l t  in  nega t ive  edge  lengths  but ,  as  in  the  
formula t ion  of  the  se t  par t i t ion ing  problem,  the  ne twork  conta ins  
no  nega t ive  cyc les  and  therefore  an  a lgor i thm such  as  tha t  due  to  
Fo rd  [9 ]  ma y  be  app l i ed .   I n  t he  sho r t e s t  r ou t e  f o rmu la t i on  o f  
t h e  o t h e r  p r o b l e ms  i t  i s  l i k e l y ,  i n  p r a c t i c e ,  t h a t  a l l  e d g e  
lengths  wil l  be  non-negat ive and the more eff ic ient  a lgori thm due 
to  Di j sk t ra  [8]  can  be  appl ied .  
6 .      Conclus ions
A new model  has  been  proposed  which  i s  d i f fe ren t  f rom the  
s tandard  problems of  se t  cover ing ,  se t  par t i t ion ing  and  se t  
packing  but  which  inc ludes  them as  spec ia l  cases .   The  model  
inc ludes  a  four th  type  of  se t  p roblem which  has  usefu l  
appl ica t ions .  I t  i s  espec ia l ly  usefu l  in  s i tua t ions  in  which  a  
par t i t ion ,  a l though des i rab le ,  e i ther  does  not  ex is t  o r  i s  no t  
necessar i ly  the  bes t  so lu t ion .  The  model ,  when used  in  th i s  
mode ,  may be  cons idered  as  a  (d iscre te )  goa l  programming [6]  
formula t ion  of  the  se t  par t i t ion ing  problem.  
9  
R E F E R E N C E S  
 
1.  BAKER, E.K.,  BODIN, L.D.,  FINNEGAN, W.F. and PONDER, R.J. ,  
Efficient Heurist ic Solutions to an Airline Crew Scheduling 
Problem, Trans.  AIIE.,  11 (1979),  79-85. 
2.  BALAS, E. and PADBERG, M.W., Set Parti t ioning - A Survey, 
SIAM Review, 18, 4,  (1976),  710-760. 
3.  BALINSKI, M.L. and QUANDT, M.H.,  On an Integer Program for a 
Delivery Problem, Opns. Res. ,  12,  (1964),  300-304 
4.  BELLMAN, R.E.,  On a Routing Problem, Quart  .Appl .Math.,  16, 
(1958),  87-90. 
5.  BILDE, O. and KRARUP, J. ,  Sharp Lower Bounds and Efficient 
Algorithms for the Simple Plant Location Problem, Annals of 
Discrete Mathematics,  1.  (1977),  79-97. 
6.  CHARNES, A., and COOPER, W.W., Management Models and Industrial 
Applications of Linear Programming, Wiley (New York),  (1961).  
7.  DAY, R.H.,  On Optimal Extracting from a Multiple File Data  
Storage System: an Application of Integer Programming, Opns.Res. ,  
13,  (1965),  482-494. 
8.  DIJKSTRA, E.W., A Note on Two Problems in Connexion with Graphs, 
Num. Math.,  1,  (1959),  269-271. 
9.  FORD, L.R. Jr., Network Flow Theory, The Rand Corporation, P923, 
August 1956. 
10. GARFINKEL, R.S.,  and NEMHAUSER, G.L.,  Optimal Polit ical  
Districting by Implicit  Enumeration Techniques,  Man. Sci. ,  16,  
(1970),  B495-B508. 
11. MARSTEN, R.E. and SHEPARDSON, F.,  Exact Solution of Crew 
Scheduling Problems Using the Set Parti t ioning Model:   Recent 
Successful Applications,  Networks,  11, (1981),  165-177. 
12. MITRA, G., and DARBY-DOWMAN, K., CRU-SCHED - A Computer Based Bus 
Crew Scheduling System using Integer Programming, presented at  
the Third International Workshop on Transit  Vehicle and Crew 
Scheduling, in Montreal (June 1983),  and published in [14] .  
13. PYNE, I.B., and McCLUSKEY, E.J. Jr., An Essay on Prime Implicant 
Tables,  SIAM, J. ,  9,  (1961),  604-631. 
14. ROUSSEAU, J.M.,  (ed),  Proceedings of the Third International 
Workshop on Transit  Vehicle and Crew Scheduling, held in 
Montreal,  June 27-30, 1983, to be published by North-Holland 
(1984).  
15. RUBIN, J. ,  A Technique for the Solution of Massive Set Covering 
Problems with Applications to Airline Crew Scheduling, 
Trans.Sci. ,  7,  (1973),  34-48. 
10 
 
16. SALVESON. M.E., The Assembly Line Balancing Problem, Trans. ASME,  
77 ,  (1955) ,  939-947 .  
17. SHEPARDSON, F. and MARSTEN, R.E., A Lagrangian Relaxation 
Algorithm for the Two Duty Period Scheduling Problem, Man. Sci., 
26,  3 ,  (1980) ,  274-281.  
18. TORREGAS, C., SWAIN, R., REVELLE, C., and BERGMAN, L., The 
L o c a t i o n  o f  E m e r g e n c y  S e r v i c e  F a c i l i t i e s ,  O p n s .  R e s . ,  1 9 ,  
( 1 9 7 1 ) ,  1363-1373.  
19 .  WREN, A. (ed),  Computer Scheduling of Public Transport ,  (papers 
based on presentat ions a t  the  Internat ional  Workshop held at  the  
Universi ty  of  Leeds,  16-18 July 1980) ,  North-Holland,  (1981) .  
 
